arXiv: 1502.0503lv2 [quant-ph] 17 Sep 2015 


Amplification uncertainty relation for probabilistic amplifiers 


Ryo Namiki 

Institute for Quantum Computing and Department of Physics and Astronomy, 
University of Waterloo, Waterloo, Ontario, N2L 3G1, Canada 
(Dated: September 18, 2015) 

Traditionally, quantum amplification limit refers to the property of inevitable noise addition on 
canonical variables when the field amplitude of an unknown state is linearly transformed through 
a quantum channel. Recent theoretical studies have determined amplification limits for cases of 
probabilistic quantum channels or general quantum operations by specifying a set of input states 
or a state ensemble. However, it remains open how much excess noise on canonical variables is un¬ 
avoidable and whether there exists a fundamental trade-off relation between the canonical pair in a 
general amplification process. In this paper we present an uncertainty-product form of amplification 
limits for general quantum operations by assuming an input ensemble of Gaussian distributed co¬ 
herent states. It can be derived as a straightforward consequence of canonical uncertainty relations 
and retrieves basic properties of the traditional amplification limit. In addition, our amplification 
limit turns out to give a physical limitation on probabilistic reduction of an Einstein-Podolsky-Rosen 
uncertainty. In this regard, we find a condition that probabilistic amplifiers can be regarded as local 
filtering operations to distill entanglement. This condition establishes a clear benchmark to verify 
an advantage of non-Gaussian operations beyond Gaussian operations with a feasible input set of 
coherent states and standard homodyne measurements. 

PACS numbers: 03.67.Hk, 03.65.Ta, 42.50.Ex, 42.50.Xa 


I. INTRODUCTION 

It is fundamental to ask how an amplification of canon¬ 
ical variables modifies the phase-space distribution of am¬ 
plified states under the physical constraint due to canoni¬ 
cal uncertainty relations. The standard theory to address 
this question is the so-called amplification uncertainty 
principle [ij. It describes the property of inevitable noise 
addition on canonical variables when the field amplitude 
of an unknown state is linearly transformed through a 
quantum channel. This traditional form of quantum am¬ 
plification limits is directly derived from the property of 
canonical variables, and gives an important insight on 
a wide class of experiments in quantum optics, quantum 
information science [ 3 -[l^ , and condensed matter physics 
[l3l |. Unfortunately, the linearity of amplification maps 
assumed in this theory is hardly satisfied in the exper¬ 
iments [l^ . although this assumption corresponds to a 
covariance property that works as an essential theoret¬ 
ical tool to analyze a general property of amplification 
and related cloning maps [l^ [l^ . It is more realistic to 
consider the performance of amplifiers in a limited input 
space. In fact, one can find a practical limitation by fo¬ 
cusing on a set of input states or an ensemble of input 
states [IMl- 

There has been a growing interest in implementing 
probabilistic amplifiers in order to overcome the stan¬ 
dard limitation of the traditional amplification limit [ 13 - 
[2^. In these approaches, one can obtain essentially noise¬ 
lessly amplified coherent states with a certain probabil¬ 
ity by conditionally choosing the output of the process. 
Recent theoretical studies have determined amplification 
limits for such cases of probabilistic quantum channels 
or general quantum operations Em. Certainly, these 


results can reach beyond the coverage of the traditional 
theory. However, it seems difficult to find a precise in¬ 
terrelation between these theories. For example, it is not 
clear whether the traditional form can be reproduced as a 
special case of the general theory. At this stage, we may 
no longer expect an essential role of canonical uncertainty 
relations in determining a general form of amplification 
limits. 

Another topical aspect on the probabilistic amplifica¬ 
tion is its connection to entanglement distillation. On the 
one hand, the no-go theorem of Gaussian entanglement 
distillation tells us that Gaussian operations are unus¬ 
able for distillation of Gaussian entanglement [2^, [^ . 
On the other hand, it has been shown that a specific 
design of non-deterministic linear amplifier (NLA) can 
enhance entanglement , and experimental demonstra¬ 
tions of entanglement distillation have been reported in 
[2^ [2^ . Thereby, such an enhancement of entanglement 
could signify a clear advantage of no-Gaussian operations 
over the Gaussian operations. Interestingly, a substan¬ 
tial difference between an optimal amplification fidelity 
for deterministic quantum gates and that for probabilistic 
physical processes has been shown in Ref. [T^. In there, 
a standard Gaussian amplifier is identified as an optimal 
deterministic process for maximizing the fidelity, while 
the NLA turns out to achieve the maximal fidelity for 
probabilistic gates in an asymptotical manner. However, 
these amplification fidelities have not been associated 
with the context of entanglement distillation. Hence, it 
is interesting if one can find a legitimate amplification 
limit for Gaussian operations such that the physical pro¬ 
cess beyond the limit demonstrates the advantage of non- 
Gaussian operations. More fundamentally, we may ask 
whether an amplihcation limit for Gaussian operations 
could be derived as a consequence of the no-go theorem. 
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The fidelity-based amplification limit [l7|, ll 8 | is de¬ 
fined on an input-state ensemble called the Gaussian 
distributed coherent states. This ensemble has been 
utilized to demonstrate a non-classical performance of 
continuous-variable (CV) quantum teleportation [2^ and 
quantum memories [29|. The main idea underlying this 
ensemble is to consider an effectively uniform set of input 
states in a CV space by using a Gaussian prior. We can 
sample coherent states with modest input power around 
the origin of the phase-space with a relatively flat prior 
while a rapid decay of the prior enables us to suppress the 
contribution of impractically high-energy input states. 
Given this ensemble, an experimental success criterion 
for CV gates is to surpass the classical limit fidelity due 
to entanglement breaking (EB) maps [s^- The classical 
fidelity was determined for unit-gain channels in Ref. 
and for lossy/amplification channels in Ref. (See also 
Ref. [13 )■ Further, the framework was generalized to in¬ 
clude whole completely-positive (CP) maps, i.e., general 
quantum operations 181. 

Recently, a different form of such classical limits has 
been derived using an uncertainty product of canonical 
variables [13 • It gives an optimal trade-off relation be¬ 
tween canonical noises in order to outperform EB maps 
for general amplihcation/attenuation tasks. This sug¬ 
gests that, instead of the fidelity, one can use an uncer¬ 
tainty product of canonical variables to evaluate the per¬ 
formance of amplifiers. However, for a general amplihca- 
tion process, it remains open (i) how much excess noise 
is unavoidable on canonical variables and (ii) whether 
there exists a simple trade-off relation between noises of 
the canonical pair. 


In this paper we resolve above questions by present¬ 
ing an uncertainty-product form of amplification limits 
for general quantum operations based on the input en¬ 
semble of Gaussian distributed coherent states. It is di¬ 
rectly derived by using canonical uncertainty relations 
and retrieves basic property of the traditional amplihca- 
tion limit. We investigate attainability of our amplihca- 
tion limit and identify a parameter regime where Gaus¬ 
sian channels cannot achieve our bound but the NLA 
asymptotically achieves our bound. We also point out 
the role of probabilistic amplifiers for entanglement dis¬ 
tillation. Using the no-go theorem for Gaussian entangle¬ 
ment distillation we find a condition that a probabilistic 
amplifier can be regarded as a local filtering operation 
to demonstrate entanglement distillation. This condi¬ 
tion establishes a clear benchmark to verify an advantage 
of non-Gaussian operations beyond Gaussian operations 
with a feasible input set of coherent states and standard 
homodyne measurements. 

The rest of this paper is organized as follows. In sec¬ 
tion im we present our amplification limit which is re¬ 
garded as an extension of the traditional amplification 
limit [I| for two different directions: (i) It determines the 
limitation with an input ensemble of a bounded power; 
(ii) It is applicable to stochastic quantum processes as 
well as quantum channels. In section imi we consider 


attainability of our amplification limit for Gaussian and 
non-Gaussian amplifiers. In section HVl we address the 
connection between our amplification limit and entangle¬ 
ment distillation. We conclude this paper with remarks 
in section 0 

II. GENERAL AMPLIFICATION LIMITS FOR 
GAUSSIAN DISTRIBUTED COHERENT STATES 

In this section we present a general amplification limit 
for Gaussian distributed coherent states which is applica¬ 
ble to either probabilistic or deterministic quantum pro¬ 
cess. We review the fidelity-based results of amplifica¬ 
tion limits in subsection III Al partly as an introduction of 
basic notations. We present our main theorem in subsec¬ 
tion HT^ 


A. Fidelity-based amplification limits 


We consider transmission of coherent states {|a)}aGC 
drawn from a Gaussian prior distribution with an inverse 
width A > 0, 

PA(a) :=-exp(-A|Q;n. (1) 

TT 

We call the state ensemble {p\{a), |a)}o,gc the Gaussian 
distributed coherent states. A main motivation to use the 
Gaussian prior of Eq. o is to execute a uniform sampling 
of the input amplitude around the origin of the phase- 
space |ap <C A“^ with keeping out the contribution of 
higher power input states for |ap > A“^ by properly 
choosing the inverse width A > 0. A uniform average over 
the phase-space or an ensemble of completely unknown 
coherent states can be formally described by taking the 
limit A —>■ 0. 

Let us refer to the following state transformation as 
the phase-insensitive amplihcation/attenuation task of a 
gain ry > 0 , 

|a)^lv^a). (2) 

We say the task is an amplihcation (attenuation) if 77 > 1 
(?7 < 1). We may specihcally call the task of 77 = 1 the 
unit gain task. We dehne an average hdelity of the phase- 
insensitive task for a physical map £ as 

Pr^,\-= J Px{a) {y/ria\£{pa)\^/^a) d^a. (3) 


Note that we use the following notation for the density 
operator of a coherent state throughout this paper: 


Pa = la) (a| . (4) 

The hdelity-based amplihcation limit [13 [i3 is given as 
follows: For any quantum operation £, i.e., a GP trace- 
non-increasing map, it holds that 


p(Prob) 


E/.a ^ 1 /1 -f A 
-2 \ ^ 


1-h 


1-hA 



(5) 
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where Ps is the probability that £ gives an output state 
for the ensemble {p\{a), Pa}- It is defined as 

Ps :=Tt J px{a)£{pa)d'^a. ( 6 ) 

As we will see in the next subsection, this probability 
represents a normalization factor when £ acts on a sub¬ 
system of a two-mode squeezed state. Note that Pg = 1 if 
f is a quantum channel, i.e., a CP trace-preserving map. 

In analogous to Eq. m, we may define a symmetric 
phase-conjugation task associated with the state trans¬ 
formation; 


|a) ^ Iv^a*). (7) 

Thereby, we may define an average fidelity of this task as 

■= j PA(a) {y/na*\£{pa)\y/pa*) (fa. (8) 

The fidelity-based phase-conjugation limit is given by [l3, 

[si 


P* (Prob) 


FyP < 1 + A 

Pg 1 + 77 + A 


(9) 


Note that one can generalize the fidelity-based quan¬ 
tum limits in Eqs. m and m for phase-sensitive cases 
by introducing modified tasks as 


|a) Slfija ), or |a) S\y/pa *), (10) 


where 


S := Sir) = ( 11 ) 


Throughout this paper we assume the canonical commu¬ 
tation relation for canonical quadrature variables [i,p] = 
i, which is consistent with the standard relations such as 
X = {a + aI)/-\/ 2 , P = [d. — d))/ii\/2), and d\a) = a |a). 
Similarly to Eq. (HI, we may consider a general phase- 
conjugation task associated with the following transfor¬ 
mation: 


iXa.Pa) -t [y/^Xa^-fri^Pc)- (14) 

Given the task of Eq. m, we may measure the per¬ 
formance of an amplifier £ by using the square deviation, 

TtHz - y/p^Za,)'^£iPa)], (15) 

where z € {x^p}. Note that, if the mean output quadra¬ 
tures are equal to the output of the transformation 
of Eq. (IT^ as Tr[z£l(pa)] = ^^Za, the expression of 
Eq. (fTSl) turns to the variance of the output quadrature 

- y/v^Za)'^£iPa)] = PT[f£ipa)\ - (Tr[££:(pa)])^ 

= (A^^)£(p„)- (16) 

However, it is impractical to consider that the linearity 
of the transformation 

Tr[z£’(pa)] = yfn^Za (17) 

holds in experiments for every input amplitude a € C. 
We thus proceed our formulation without using this con¬ 
dition. 

Instead of the point-wise constraint on a, we consider 
an average of the quadrature deviations with the Gaus¬ 
sian prior distribution p\ of Eq. O- We seek for the 
physical process that minimizes the mean square devia¬ 
tions (MSB) of canonical quadratures: Q 


is a squeezing unitary operation and r represents the de¬ 
gree of squeezing. The quantum limited fidelity values 
of Eqs. (O and dH]) are invariant under the addition of 
unitary operators since the optimal map can absorb the 
effect of additional unitary operators [3211341136|| . 

B. Amplification limits via an uncertainty-product 
of canonical quadrature variables 

We may consider a general phase-sensitive amplifica¬ 
tion/attenuation task in terms of phase-space quadra¬ 
tures so that average quadratures of the input coherent 
state Pa of Eq. are transformed as 

^ {.y/^x^OL-) -s/V pPol) 1 


14 ( 77 , A) := Tr Jpxia){x - y/rixa)'^£ipa)d^a, 

Vpiv^f) ■= Tr J pxia){pT VvPa)^£iPa)d‘^a, (18) 

where the lower sign of the second expression is for the 
case of the phase-conjugation task in Eq. (1141) . The MSDs 
of Eq. (TT^ can be observed experimentally by measur¬ 
ing the first and the second moments of the quadratures 
{x,p, for the output of the physical process £ipa)- 

Due to canonical uncertainty relations, 14 and Vp could 
not be arbitrary small, simultaneously. We can find a 
rigorous trade-off relation between 14 and Vp from the 
following theorem. 

Theorem 1.— For any given rjj; > 0, rjp > 0, and 
A > 0, any quantum operation (or stochastic quantum 
channel) £ satisfies 


where the gain pair of the amplification/attenuation task 
iVx, Vp) is a pair of non-negative numbers, and the mean 
quadratures for the coherent state pa are defined as 


n 

z—x.,p 


VziVzA) 

Ps 


2 (l-f A)J - 4 


> 


l-kA 


(19) 


Oi + cP o. — Q;* 

Xa. := Tr(xpa) = - 7 ^, Pa := Tr(ppo,) = — 7 ^.(13) 


72 


y/2i 


where Pg and I 4 are defined in Eqs. m and m, respec¬ 
tively. Moreover, the lower signs of Eqs. m and m 
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correspond to the case of the phase-conjugation task in 

Eq. (TO . 

Proof.— Let J = Jab be a density operator of a two¬ 
mode system AB described by [xa,'Pa\ = [xb,Pb] = i- 
Canonical uncertainty relations and property of variances 
lead to 

Tr[(x^ - J]Tr[(pA + gpPBf' J] 

> {/\^{XA - gxXB))j{A^{pA +9 pPb))j > ^(1 - gxPp)^- 

(20) 

Here, we will prove the case of the normal amplihca- 
tion/attenuation process by assuming > 0 and gp > 0. 
The proof for the phase-conjugation process runs simi¬ 
larly by considering the case of > 0 and gp < 0. 

From a standard notation xb = {b + b^)/'/2 and the 
cyclic property of the trace we can write 

Tr[(iai - gxXB)^J] 

^r^2r n * fbU+Jb\ 

= Tt[xaJ -2gxXA I —— I 
+ + Jb^ + 2pJb - J)] 

= Tra4 J ^ixA-gxXa.r{a*\J\a*)B-§,i2^) 

where, in the hnal line, we execute the partial trace by 
Trs) • ] —>• f (a*I • \a*)g and use the property of 
the coherent state b\a*)g = a*\a*)g and {a*\gb'^ = 
a{a*\g. Similarly, starting from ps = i(p — b)l^/2 we 
have 

Ty[{pa+ gpPBfJ] 

= j ^{PA-9pPaf {o*\J\a*)g-^.{22) 


Finally, concatenating Eqs. (fTSl) . (l20l) . (l23l) . and (l24l) . we 
can reach our theorem 1 of Eq. (HU). ■ 

Our theorem 1 states that any physical map is unable 
to break the uncertainty-relation-type trade-off inequal¬ 
ity for quadrature deviations on average. It draws an 
inverse-proportional curve in the Vx-Vp plane with a given 
pair of ijix^ Vp), and the area below the curve is unattain¬ 
able by any quantum process including probabilistic am¬ 
plifiers [See FIG. dKa)]. Equation (ITO is essentially the 
same structure as the traditional form of amplification 
limits [ij [see. Eq. (IA3I) of Appendix [A]. However, note 
that our theorem can be applied to probabilistic ampli¬ 
fiers. In addition, it holds without the linearity condition 
of Eq. (fT71) . Nevertheless, it retrieves the traditional ex¬ 
pression in the limit of A —?► 0. A detailed interrelation 
between our theorem 1 and the traditional amplification 
limit can be found in Appendix [^ 

In order to see the role of our amplification limit for the 
case of the phase-sensitive process, we may consider the 
curve in the Vx-Vp plane with a different set of {px,Pp) 
under the constraint of a fixed gain rj = {gxPpY^^ as in 
FIG. [IJa). Then, the intersection of the unattainable 
area can be represented by another inverse-proportional 
curve. This curve determines the minimum uncertainty 
in the Vx-Vp plane similar to the minimum uncertainty 
curve for normal squeezed coherent states. In fact, we 
can show an expression that the minimum of the product 
141^ is bounded from below by a constant as follows. Let 
us parameterize the boundary of Eq. dUD as 


{%:Vp) 


1 

2 


l-kA 


(e^e-«) + 


I 

2(1-f A) 


iVx, Vp): 
(25) 


where i? S R. Suppose that the gain is fixed as 77 = 
y/Px'gp- Then, we can write rjx = and Pp = 

with r G R. Hence, we have 


Next, suppose that J is prepared by an action of a 
quantum operation £ as J = £a ® ^b(I' 0?) (V'Cl)/-fs 
where It/;^) = \/l — ^ 1^) 1^) ^ two-mode 

squeezed state with ^ G (0,1) and Ps '■= Tr[£l^ G 
(V’cl)]- This implies (a*|J|a*)^ = (1 - 

EAifi^a)/Ps- From this relation and 
Eqs. 0, (EB), and (1^^ we obtain 

Tr[(pA -I- gpPBf'J]PT[{xA - gxXB^J] 

z—x,p ^ ' 


VxVp=^^p'‘^+ \p'Tlf + \v'+ e ^ 2’’)} 

>\W + WtI\)\ (26) 

where we defined p' = p/{l -\- A) and used -I- 

> 2. This gives the lower bound of the uncer¬ 
tainty product VxVp under the constraint of the fixed 
gain p = y/PxPp, and it implies an inverse-proportional 
relation between Vx and Vp shown in FIG. dKa). Note 
that the boundary of Eq. (156)) is parameterized as 


Trf px{a){z - yp^Zaf£{pa)(Pa ^ 7 ?^ 

Trf px(a)£(pa)d^a 2(1-h A) 

(23) 

where, in the final step, we drop the subscript A, rescale 
the integration variable as a, and introduce 

?7^ = (1 -k A)gy Pp = (l-I- A)g^, A = (24) 




(27) 


This expression is obtained by substituting px = pe^ and 
Pp = pe~^ into Eq. ([25]) . We will discuss the design of 
physical amplifiers that potentially achieve this boundary 
in the next section. 

It would be instructive to illustrate the gain de¬ 
pendence of our quantum limit for simple cases [See 
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(a) (b) 

FIG. 1: (Color Online) (a) Solid curves represent general lower bounds on the product of the mean square deviations (MSD) of 
Eq. m given by VxVp > (ri' + \ri' /4 [See Eq. (l26l) ]. Here, an effective gain factor is set to be 77 ' = 77/(1 + A) = 1.3 with the 
constraint on the gain pair = V- This constraint parameterizes the gain pair as {rjx,rjp) = {rje^, r]e~^) with i? G K. The 

upper solid curve is for the phase-conjugation task and the lower solid curve is for the normal amplification task. Each of them 
can be determined by taking the intersection of our amplification limits in Eq. (HU with various ratios between the gain pair 
^xjrjp = Dotted curves represent the cases for r]x/rjp = 1 and rjx/rip = 2. (b) Typical behavior of the MSDs in the cases 
of Ee = 1/, = E as a function of the gain 77 . The upper solid line represents the limitation on the phase-conjugation process 
[Eq. (1301) 1 and the lower kinked solid line represents the limitation on the normal amplification/attenuation process [Eq. (1281) 1. 
The dashed curve for 77 G [1, (1 -|- 77 )^) shows the minimum of the MSD due to Gaussian channels V* [Eq. (1331) 1. Dash-dot lines 
are due to the traditional form of amplification limits for completely unknown coherent states [Eqs. (lAlOl) and (lAllI) with 
G = 77 [. They can be retrieved by our bounds in the limit of A —>■ 0. In this figure we set A = 0.4 so that the structure around 
77 = 1 -I- A is displayed clearly. When 77 = 0, all lines indicate the minimum value of V = 1/2 due to canonical uncertainty 
relations as it corresponds to the trivial case of = (?p = 0 in Eq. ([ 20 )). 


FIG.[l][b)]. For the symmetric case with rjx = rjp = rj and 
Vx = Vp = V,^e can write our theorem 1 of Eq. (IT^ for 
the normal amplification/attenuation task as 


E>1/^ 
- 2 Vl + A 


V 

1 + A 



or equivalently, 


Y_ ^ i 1 ^ G [0,1 + A] 


(28) 


(29) 


This shows basically the same structure in the expression 
of the fidelity-based amplification limit in Eq. ([5]). For 
phase-conjugation, we alternately have 


Y_ > ^ 

Ps- l + \ 


1 

2 ' 


(30) 


The minima of the MSDs V for both of Eqs. (1281) and (1501) 
are shown as functions of 77 in EIG. [Hb). They obviously 
fall below the lines due to the traditional form of am¬ 
plification limits given in Eqs. (lAlOl) and (lAllI) of Ap- 
pendix[^for 77 > 1 in the case of the normal amplification 
task and for 77 > 0 in the case of the phase-conjugation 
task, respectively. Note that the gap disappears in the 


limit of A —>■ 0 although it is impossible to test amplifi¬ 
cation devices for completely unknown coherent states in 
the real world. 


As we have already mentioned, the MSDs of Eq. m 
can be observed experimentally by measuring the first 
and the second moments of the quadratures {x,p, x^,p^} 
for the output of the physical process £{pa)- This can be 
done by standard homodyne measurements. In contrast, 
one need to know higher order moments of the quadra¬ 
tures in order to determine the fidelity to coherent states 
in Eqs. m and dH]) when homodyne measurements are 
performed. This is because the output state £{pa) could 
be a non-Gaussian state. Note that one can hnd a lower 
bound of the fidelity from the observed value of the MSDs 


III. ACHIEVABILITY OF THE 
AMPLIFICATION LIMIT 


In this section, we consider attainability of our am¬ 
plification limit given in Eq. (HU) by using a standard 
Gaussian amplifier and a probabilistic amplifier. 
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A. Gaussian amplifier 


In this subsection we investigate the performance 
of Gaussian channels for the normal amplifica¬ 
tion/attenuation process (See subsection IIII Cl for the 
phase-conjugation process). 

At a moment, let us consider the phase-insensitive case, 
i.e., r]x = r]p = rj > 0. The quantum limited phase- 
insensitive Gaussian amplifier/attenuator with the gain 
G transforms the first and second moments of quadra¬ 
tures [33 as 

TT:[zAG[Pa)\ = '/GZa, 

Tr[z2^G(Pa)] = + (G+|G-1|)/2, (31) 

where z £ {x,p} and we use the notation in 

Eqs. dH) and (fOl) . This yields the following expression 
for the MSDs of Eq. (IT^ . 


VzivA) 


= + ^ + ( 32 ) 

£=Ag a Z 


When the prior distribution p\{a) of Eq. o becomes 
broader so that A —>■ 0, the contribution of the first 
term of Eq. (1321) becomes significantly larger. In this 
limit, G = 77 is the solution that minimizes the MSDs 
and the optimality of the Gaussian amplifier is retrieved, 
namely, the Gaussian amplifier Ac saturates our bound 
of Eq. (1191) similar to that Aq saturates the traditional 
amplification limit in Eq. (lAlOl) . 

In order to minimize the MSDs for a finite distribution 
with A > 0 we may rewrite Eq. (1321) as 


Vz{v,X) = 



G £ [0,1], 
i G>1. 


For the first case of G £ [0,1], G = ry fulfills the equality 
of Eq. (fT^ for T] £ [0,1]. For the second case of G > 1, 
the optimal gain G = 77/(1 -|- A)^ fulfills the equality of 
Eq. (IT^ for 77 > (1 -I- A)^. Thereby, the minimum MSD 
due to Gaussian channels is divided into the following 
three cases [See FIG.[T][b)], 


[5 ^7 e [ 0 , 1 ], 

^2*(^5 t y iVv ~ 1) +5 ^ G (l) (1 + j ( 33 ) 

Hence, in the phase-insensitive case of the normal ampli¬ 
fication/attenuation process, we can conclude that the 
Gaussian channel constitutes an optimal quantum de¬ 
vice that saturates our amplification limit except for the 
range of the gain factor 77 £ (l, (1 -|- A)^). 

To proceed the case of an asymmetric pair of gains, we 
can choose ijp > > 0 without loss of generality. Let us 

write 77 = AVxPp with 

Vx = rip = 776 ^'', r > 0. (34) 


We can readily see that an action of the quadrature 
squeezer S of Eq. (HU followed by the amplification pro¬ 
cess modifies the first and second moments as 

Tr[iS'.4G(/0a)S'^] = e“''Tr[iAlG(pa)], 
Tr[pS'AlG(/Oa)*S''l'] = e^TrlpAciPa)], 
Tr[:r^S'AlG(/Oa)*S''l'] = e“^’'Tr[x^^G(/Oa)], 
TT[fSAGiPo.)S^] = e2’'Tr[pMG(Pa)]. (35) 

From Eqs. (|M)) and (1551) . we can observe that the Gaus¬ 
sian channel £{p) = SAg{p)S^ fulfills 

VxiVxA) - bx /2 = e“^’'[ 14 ( 77 ,A) - 77 / 2 ], 

VpivpA) - Vp/2 = e^^lVpipA) - b/2]. (36) 

This relation with the expression of Eq. (I33|) implies that 
the channel £{p) = S'AIg(/o) 5'^ saturates our quantum 
limit Eq. (fT^ except for 77 £ (l, (1 -|- A)^) . 

Gonsequently, Gaussian channels constitute optimal 
physical processes in the amplification/attenuation task 
under the practical setting of the Gaussian distributed 
coherent states unless the normalized gain factor is in the 
proximity of 77/(1 -|- A) ^ 1. In this sense, we could keep 
the term of the “quantum-limited process” or “quantum 
limit amplifier” for the Gaussian amplifier A g. Similar 
statements hold for fidelity-based results [13, [la| • Note 
that our analysis here does not preclude the possibility 
that a trace-decreasing Gaussian amplifier could achieve 
the bound for 77 £ (l, (1-|-A)^), although it seems un¬ 
likely that the trace-decreasing class has an advantage as 
we will discuss later in section El 


B. Non-Gaussian amplification 


In this subsection we investigate the performance of 
a non-Gaussian operation, the NLA of Ref. [ 2 ^, for the 
normal amplification process. We will show that the per¬ 
formance of the NLA approaches arbitrarily close to our 
amplification limit of Eq. (I19|) for the range of the gain 
77 £ (1, (1 -I- A)^), where the Gaussian amplifier shows a 
substantially lower performance as in FIG.lUb). 

Let us consider the probabilistic amplifier described 

by Qgip) oc QnpQn with Qn = 5 " 1^^) 

where we assume g >1 and Af > 0. This leads to 


N 


QN\a) = ^ ^ In) =: 


n—0 

N-1 


,) = In) 


(37) 


Hence, we can write Qn \cf) oc \ga) on the truncated 
photon-number space {|n) ( 7 t .|}„= o . i , 2 ,... ,n, and the oper¬ 
ation Qg amplifies coherent states without extra noises 
in the limit A —^ 00 . The trace-non-increasing condi¬ 
tion for quantum operations < 1 implies Af < g~‘^^■ 
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In what follows we focus on the phase-insensitive case of 
Vx = Vp = V- The case of the phase-sensitive process with 
a possibly asymmetric gain pair rjp) can be addressed 
by repeating the procedure of the previous subsection. 

From Eq. (l37l) we can easily calculate the mean val¬ 
ues (x)ui, {p)ui, and {a^d)ui = - l)a;/ 2 . As a 

consequence we can obtain the following expression: 


the probabilistic amplifier Qg as 


y(Prob) 


V 

p's 

AfXrj f rj {N + 1) 1 

Ps (i + aJ (1 + A)2 + 2- 


(41) 


{{X - y/^Xaf' + (p - y/r]Paf‘)u, 

= {SP- + - 2^{xXa + PPa)w + + Pa)(w|w) 

., 2 |^| 2 )n 

d 


= N 


N-l 


2(i,>-2^9)|oPX;<5j^ 


n—0 

^ ' 2 |„,| 2 ^n 




n—0 




(38) 


where {xa,Pa) is given by Eq. (ITSl) . 

Now, let us evaluate the mean square deviations 
(MSB) of Eq. (fT^ for the probabilistic amplifier Qg [The 
physical process is given by £{p) = Qg{p)]- Due to its 
phase-insensitivity, we can write V := (14 + l^)/^ = 
14 = Vp. Using this relation and Eq. (IMl) we have 


V = 


^ J Px{a){{x - y/pXaf + {p- ^Paf )sjdPa 


NX 

1 + A 


. 5^'^(n + l) , 5^^(iV + l) 

{g-Vv) 2 . 77 — 1 ^ + ^- 


1 ^ 

1 g 




n—0 

2n 


(l + A) 


2 ^ fl + A)^ 

n—0 


(l + A)^+i 
(39) 


Since 77/(1 + A) < 1 and Pg is bounded from below as in 
Eq. (HOI) , we have l/Trob) = x/2 for N —>■ 00 . This con¬ 
cludes that the NLA Qg saturates our bound of Eq. (ESI) 
for ?7 G (1,1 + A). 

Eor ?7 € (1 -I- A, (1 -I- A)^), let be 5 = (1 -I- X)/^ > 1 
and a; := (l-|-A )/77 < 1. Then, we can respectively rewrite 
Eqs. (IMl) and (itui) as 


V = 


NX / 1 


1 + A \ X 


1 ^ 


n—0 


n—0 


l + A 


(42) 


Erom these expressions we obtain 

/ 


^(Prob) _ 


V 

'K 


1 


1 - 


>1 


1 


-l + lV(l-x)x^ +-. 




>0 


Erom this expression and x < 1, we obtain 


lim 


V 


N—^00 Pg 


= --1 = 


1-f A 


(43) 


In this expression and the following expres¬ 
sion, the integrations can be calculated by using 
Jp\{a)e~^°^^\ap'^cPa = Afc!/(1-I-A)*^+^ with p\ of 
Eq. (IT}. We can write the probability that the NLA 
operation Qg gives an output in Eq. ({ 6 } as 


Ps = Try p\{a)QN la) (q;| QNdPa 

ATA ^ 

~ ^ ^0 (l + A)" - l + A' 


(40) 


As we have seen in section m this probability Pg cor¬ 
responds to the physical probability that the amplifier 
gives the desired outcome when it acts on a subsystem 
of a two-mode squeezed state. 

Our concern here is the parameter regime of the gain 
factor 77 G (1, (1 -I- A)^) where the Gaussian channel 
cannot achieve our quantum limitation of Eq. (1191) [See 
FIG. mb)]. We will address this regime by further di¬ 
viding it into two sub-regimes 77 G (1,1 -I- A) and 77 G 
(1 -I- A, (1 -I- A)^) since the behavior of the minimum MSB 
suddenly changes at 77 = 1 -|- A. 

For 77 G (1,1 -|- A), by substituting g = ^ into 
Eqs. (15^ and (ITOl) we obtain the form of the MSDs for 


This coincides with our bound in Eq. (1291) when 77 G 
(1 -I- A, (1 -I- A)^). Therefore, one can design the proba¬ 
bilistic machine whose performance is arbitrary close to 
the amplification limit of Eq. CID by taking sufficiently 
large N, both in the sub-regimes 77 G (1,1 -I- A) and 
77 G (1 -I- A, (1 -I- A)^). 

It would be helpful to provide a physical intuition why 
the probabilistic amplifier Qg works remarkably well so 
that it can achieve our quantum limit. By acting Qn = 
J2n=og^ Iti) {n\ on the two-mode squeezed state = 
l’^) 1 *^) have [H] 

N 

QN\tpi) = . (44) 

n—0 

This means the resultant (unnormalized) state is propor¬ 
tional to another two-mode squeezed state in the trun¬ 
cated photon-number subspace, i.e., Qn IV'i) oc I'PgQ- It 
thus effectively enhances the two-mode squeezed interac¬ 
tion as ^ (See section HVl for a specific statement on 

the strength of entanglement). On the other hand, it has 
been known that the two-mode squeezed state minimizes 
the uncertainty product of Einstein-Podolsky-Rosen-like 

operators (A2 (xa - 3xiB))(A2(pA + 5 pPb)) [H- This 



























quantity appears in Eq. (EHl), and by construction its min¬ 
imum is responsible for our quantum limit of Eq. (HI. 
Therefore, we have a simple physical picture that, start¬ 
ing from a two-mode squeezed state the NLA Qg 
enables us to produce another two-mode squeezed state 
' 05 ' so as to minimize the corresponding quantum un¬ 
certainty (with a certain probability and a finite error). 
This picture would also explain why the NLA Qg could 
achieve the optimal fidelity in the fidelity-based amplifi¬ 
cation limit [l^. The optimal fidelity can be related to 
the maximum eigenvalue of a density operator in the form 
of M = f cP‘ap\{a) |a) (a| (8) \Ka*) (See Eq. (15) of 
[13), and the eigenstate that gives the maximum eigen¬ 
value is a two-mode squeezed state [13- 

Now, we can reach the following two statements for the 
normal amplification/attenuation process: (i) Our quan¬ 
tum limitation on the amplification/attenuation process 
behaves as a tight inequality including the case of the 
phase-sensitive amplification process; (ii) In order to 
demonstrate an advantage of a non-Gaussian amplifier 
over the Gaussian devices, one needs to operate the am¬ 
plifier in the regime rj G (1,(1-|-A)^). We will address the 
case of the phase-conjugate amplification/attenuation 
process in the next subsection. 

C. Phase conjugation 


the optimality of amplifiers could be addressed straight¬ 
forwardly by using canonical variables without invoking 
a fidelity-based figure of merit despite recent studies are 
more focusing on the property of fidelities [l7l - [l^ . Our 
results also suggest that canonical uncertainty relations 
still play a significant role in determining quantum limi¬ 
tations on a general physical process. 

In the next section we will introduce a different view¬ 
point on our framework of amplification limits. 

IV. GAUSSIAN AMPLIFICATION LIMIT AND 
ENTANGLEMENT DISTILLATION 

In this section, we find an interesting connection be¬ 
tween our amplification limit and entanglement distil¬ 
lation protocols. In subsection IIV A1 we show that the 
no-go theorem for Gaussian entanglement distillation im¬ 
poses a physical limitation on amplifiers composed of 
Gaussian operations. Then, it turns out that the NLA 
[ssjl (the probabilistic amplifier Qg of the previous sec¬ 
tion) is actually breaking this limit and regarded as a 
process of entanglement distillation. In subsection IIVBI 
we show that our amplification limit, conversely, provides 
an asymptotically tight limitation on entanglement dis¬ 
tillation. This immediately implies that the NLA is an 
optimal entanglement distillation process. 


Our bound on the uncertainty product in Eq. (IT^ for 
the phase-conjugate process is equivalent to the bound of 
the classical limit due to entanglement breaking channels 
in Ref. [s^. Hence, our bound can be achieved by the 
following measure-and-prepare scheme 


Aq{p) = IT ^ J cfia{a\p\a) VCa*'^ (^VCa* 


(45) 


A. A tight no-go bound on Gaussian entanglement 
distillation and a criterion for entanglement 
distillation by a non-Gaussian amplifier 

Let us define the Einstein-Podolsky-Rosen (EPR) un- 
certainty for the density operator J of a two-mode system 
AB as 0 


with G = 77/(1 -I- A) ^ for the case of symmetric gain 
pair rj = r]x = Pp- For the asymmetric case, the 
bound can be achieved by adding the squeezer on the 
channel as S{p) = SAq{p)S^ similar to the flow of 
Eqs. (l34)) . (|35ll . and (|36|) . It concludes the tightness of 
our quantum limit in Eq. (HU) for the case of the phase- 
conjugation task. 

As a summary of this section Hill we have investigated 
attainability of our quantum limit given in Eq. (HU). For 
the normal amplification task, it has been shown that 
there are two parameter regimes, one that the well-known 
Gaussian amplifier achieves our quantum limit and the 
other that a probabilistic non-Gaussian amplifier out¬ 
performs the Gaussian amplifier. Specifically, we have 
shown that the NLA outperforms the Gaussian amplifier 
and asymptotically achieves our bound in the parame¬ 
ter regime 77 € (1, (1 -|- A)^). For the phase-conjugation 
task, our quantum limit can be achieved by a Gaussian 
phase-conjugation channel described by an entanglement 
breaking map. These structures repeat the results of the 
optimal amplification design for the fidelity-based ampli¬ 
fication limit given in Ref. [l^- Hence, it suggests that 


A( J) := min 


I,i(A2(xA 


xb) + A'^{pa+Pb))j 



It determines the entanglement of formation (EOF) for 
symmetric Gaussian states and generally gives a 
lower bound of EOF for two-mode states [4l|, , 


E{J) > /[A(J)], (47) 

where / is a decreasing function of A defined in Ref. [d^ , 
and the equality holds when J is a symmetric Gaussian 
state. It also suggests that a smaller EPR uncertainty 
implies a higher entanglement. Note that Theorem I 
of Ref. [dll is proven without using the property that 
the state p is a Gaussian state. Hence, the EPR un¬ 
certainty gives a lower bound of the EOF not only for 
two-mode Gaussian states but also for general two-mode 
states. The EPR uncertainty for the two-mode squeezed 
state 10 ^) = \/l—l’^) 1 ^) written as 


A(04) 


( 1 - 0 ^ 


(48) 


1-^2 
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and the EOF is formally given by 

= /[A(V^ 5 )]. (49) 

Let us consider the case oi gx = gp = ^ in our proof of 
Eq. (fT^ . Then, with the help of Eqs. (l23l) and (l24l) . 
the EPR uncertainty for a general state J = £a ® 
(l/’Cl)/^s can be associated with the MSDs of 
Eq. (fT^ as 

A(J) = i - l) 

where + Vp^™^'^)/2 is an average of 

the MSDs and := YzjPs- When £l(p) = p (f is an 

identity map), J is the two-mode squeezed state. Then, 
substituting the condition gx = gp = ^ into Eq. (1241) we 
have 77 = 1 -I- A = 1/^^. From this relation and Eq. (H51) 
we can write 

A(V’c) = ^(07-1)"- (51) 

Since Gaussian entanglement cannot be distilled by 
Gaussian local operations and classical communica¬ 
tion , we have 

E{^P^) > E{J), (52) 

whenever f is a Gaussian operation. Concatenating 

Eqs. (|T7|) . (|4^ . and (|CTl . we obtain 

/[A(V^ 5 )] > /[A(J)]. (53) 

Since / is a decreasing function of A, this implies 

A(7/-5) < A(J). (54) 

This means that the EPR uncertainty of a two-mode 

squeezed state cannot be reduced by any local Gaussian 
operation. 

Substituting Eqs. (ISOl) and (ICT) into Eq. (ISTl) we obtain 

0 Prob)> 1 (^- 1 ) 2 ^ 1 _ ( 55 ) 

This is a physical limitation that bounds the average of 
the MSDs when £1 is a Gaussian CP map. Interestingly, 
the right-hand side of Eq. (1551) coincides with the right- 
hand side of the second equation in Eqs. (1551) . Therefore, 
this bound is tight and achieved by the Gaussian ampli¬ 
fier Ag of Eq. (1551) . It could be helpful to restate this 
bound in the following form. 

Theorem 2. — For any Gaussian operation £ and 
A > 0 it holds that 

14(1 + A, A) > — (vT^PT — 1)^-|--, (56) 

z^{x,p} 


where Ps and Vz are given by Eqs. ([61) and dUD , respec¬ 
tively. 

Proof.— See the above discussion and Eq. (|55)l . ■ 

Our theorem 2 of Eq. (1561) can be regarded as an ampli¬ 
fication limit for Gaussian operations. In addition, it per 
se presents the Gaussian limitation on manipulating the 
EPR correlation. Hence, any violation of Eq. (l56l) signi¬ 
fies a probabilistic enhancement of entanglement and a 
non-Gaussian advantage of entanglement distillation. In 
other words, breaking the condition in Eq. (1561) is a clear 
criterion for an experimental demonstration of entangle¬ 
ment distillation. Furthermore, such a benchmark can 
be verified by using standard homodyne measurements 
with an input ensemble of coherent states similar to the 
recently proposed quantum benchmark [s^. 

Note that there are different approaches to character¬ 
ize non-Gaussian entanglement generation (43l - l45l |. Our 
result here is directly determined by the no-go theorem 
for Gaussian entanglement distillation and applicable to 
local filtering operations acting on a single mode. More¬ 
over, it ensures an enhancement of the EOF. It would be 
valuable to investigate how one can beat our boundary 
of theorem 2 by using the state of the art technology in 
photonic quantum state engineering [46l - [^ and whether 
the experimental demonstrations of probabilistic ampli¬ 
fications [ 21 I, [ 2 ^ [ 2 ^ can fulfill our criterion. 

Although Eq. (1551) gives a tight limitation for Gaus¬ 
sian operations, our statement is severely restricted for 
the single point ry = 1 -|- A of the curve achieved by the 
Gaussian channel in the second inequality of Eq. (1551) 
(See FIG. [TJd). Therefore, it remains open how to deter¬ 
mine such an amplification limit on the class of Gaussian 
operations for the entire parameter space ry G (1, (I-|-A)^). 


B. Ampliflcation limit as a physical limit on 
distillation of entanglement via local filtering 
operations 

We show our amplification limit of Eq. (lT9l) presents 
a bound for minimizing the EPR uncertainty when one 
uses the local filtering operation described by a stochastic 
quantum channel. 

In contrast to our distillation bound for Gaussian op¬ 
erations in Eq. (l56l) we have the following statement for 
general GP maps: 

Corollary.— For any operation £ and A > 0 it holds 
that 

y V(1 + A,A)>1, (57) 

^ ze{x,p} 

where Pg and V are given by Eqs. (ED and (1181) . respec¬ 
tively. 

Proof.—Recalling ?y = 1 -|- A and py— 


1 


1/2 > 0 in 
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Eq. (l50l) we can show that 

A(J) = i - l) 

> 0 >0,(58) 

where we use the relation a + b > 2^fab for {a,b} > 0 
and our theorem 1 of Eq. CH). This proves Eq. (Eg. ■ 

The property of A( J) > 0 itself can be obtained from 
the definition of the EPR uncertainty in Eq. ({^51) . and 
this Corollary is rather trivial. An interesting point here 
is that the minimum of this inequality, which is the bound 
on the entanglement distillation process starting from a 
two-mode squeezed state, is asymptotically achievable 
by the probabilistic amplifier Qg in Eq. (l37)) . Hence, 
the NLA is not only a probabilistic ampliher that en¬ 
ables us to break the no-go bound on Gaussian opera¬ 
tions in Eq. (1561) . but also provides an optimal process 
that asymptotically achieves the physical limitation of 
Eq. (1571) . Again, the simple physical picture that, start¬ 
ing from a two-mode squeezed state the NLA Qg 
enables us to produce another two-mode squeezed state 
would explain why this process could be optimum 
[See Eq. (EH)] . It would be worth noting that a quantum 
benchmark inequality (Corollary 1 of [3^) with 77 = 1-l-A 
corresponds to 

-1 ^ E,(1 + A,A)>3. (59) 

S f 

The equality implies A(J) = -|- — l)/2 = 

1. Hence, the separable point E{J) = 0 is consistent with 
the entanglement breaking limit. 

In this section IIVI we have found an insightful inter¬ 
relation between our amplihcation limit and continuous- 
variable entanglement. It has been shown that the no- 
go theorem for Gaussian entanglement distillation gives 
a limitation on Gaussian amplifiers. Thereby, we have 
pointed out that the NLA can break this limit and would 
be useful to demonstrate a significance of non-Gaussian 
process. In addition, it turned out that our amplification 
limit determines a physical limitation of entanglement 
distillation due to local filtering operations. Note that 
one can find different links between probabilistic ampli- 
fiers and entanglement distillation in Refs. [H, [ 2 ^ Is^ . 
Note also that local photon-subtraction and addition 
could reduce the EPR uncertainty, and enhance entan¬ 
glement [57j |. 

V. CONCLUSION AND REMARKS 

In this paper we have presented an uncertainty- 
product form of quantum amplification limits based on 
the input ensemble of Gaussian distributed coherent 
states, and successfully revived the key role of canonical 


uncertainty relations in determining a general quantum 
limit. Our amplification limit retrieves basic properties 
of the traditional amplification limit without assuming 
the linearity condition. Moreover, it is usable for general 
stochastic quantum channels, hence probabilistic ampli¬ 
fiers. Given a physical process one can test how close 
the performance of the process approaches to the ulti¬ 
mate quantum limit via an accessible input set of coher¬ 
ent states and standard homodyne measurements. We 
have also identified the parameter regime where Gaus¬ 
sian channels cannot achieve our bound but the NLA 
[ 2 ^ asymptotically achieves our bound. In addition, we 
have derived an amplification limit on Gaussian opera¬ 
tions by using the no-go theorem for Gaussian entangle¬ 
ment distillation. This in turn shows that beating this 
limit implies a clear advantage of non-Gaussian processes 
in reducing the EPR uncertainty, and establishes a sim¬ 
ple criterion for entanglement distillation. Thereby, we 
have found that the NLA is not only an amplifier whose 
action is useful for an enhancement of entanglement but 
also constitutes an optimal local filtering process for re¬ 
ducing the EPR uncertainty. It would be valuable to in¬ 
vestigate how one can demonstrate such a non-Gaussian 
advantage by using the state of the art technology in pho¬ 
tonic quantum state engineering [46l - [^ as well as in the 
experiments of the noiseless amplihcation [2ll - [^ . 

Unfortunately, our result on the Gaussian amplihca¬ 
tion limit works for a rather restricted set of the param¬ 
eters. The possibility to extend Theorem 2 beyond the 
present constraints is left for future works. It remains 
open whether (i) a probabilistic Gaussian channel might 
outperform the deterministic Gaussian channel and (ii) 
Gaussian channel could be an optimal trace-preserving 
map (both regarding the parameter regime ry ~ I -|- A). 
The second statement (ii) is true for the case of the 
hdelity-based amplihcation limit [I^, while the valid¬ 
ity of the hrst statement (i) is unclear. It is also open 
whether (hi) one can signify the non-Gaussian advantage 
on entanglement distillation from the viewpoint of the 
hdelity-based approach. 
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Appendix A: Connection to the amplification 
uncertainty principle 

In this appendix we show that our amplihcation limit 
(for the case of the uniform distribution A —>■ 0) coincides 
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with the familiar traditional form of amplification limits 
given in Ref. [l|. 

Let us recall the amplifier uncertainty principle (AUP) 
in Ref. [I|. We consider linear transformation of a single 
mode held so that the hrst moments are linearly amplihed 
with possibly phase depending gain factor (G^, Gp) as 

(y.) = = G,{A^X,) 

(Yp) = ±^{Xp), {A%) = Gp{A^Xp) +Np, (Al) 

where X and Y denote input and output quadratures, 
respectively. They satisfy the canonical commutation re¬ 
lation [X^,Xp] = = i. The upper sign and lower 

signs in Eq. m respectively indicate the cases of the 
normal amplihcation/attenuation process and the phase- 
conjugation process. We may focus on the property of 
added noise terms: 

K =(A2i;)-g,(A2x,), 

Afp ={A%)-Gp{A^Xp). (A2) 


Concatenating Eqs. (|A2]) . (IAH) . (IAB . and (IAtI) we can 
write 


A4 = y P\{a)TT {x - ^/^Xcff£{pa) (fa-GxI^, 

' --— . -^ 

t4(Gx,A) 

A^p = / P\{a)Tr {pT \/^Paf£{Pa) (fa-Gpl2, 


Vp(GpP) 


(A8) 


where the underbracing terms, 14 and Vp, come from 
Eq. (fTSl) . Substituting Eqs. (IA-81) into Eq. (IA3I) we can 
re-express the AUP as 


n [Cz(G„A)-G,/ 2] > i 


(A9) 


It tells us an amount of additional noise imposed by the 
channel because the second terms in Eqs. (IA2I) represent 
the variance of an input state. The AUP gives a physical 
limit for CP trace-preserving maps satisfying Eq. (ini): 


It would be instructive to illustrate the gain-dependence 
for symmetric cases as in FIG. [Ub). For the normal 
amplihcation process with G = G^ = Gp and U = 14 = 
14 we have 


A4A4 ^ 


V GxGp 1 


(A3) 


Note that in Ref. [ij the AUP is defined through the 
added noise number := Afz/Gz = {A^Yz)/Gz — 
{A^Xz). 


In order to link Eq. (IA3I) to our amplification limit in 
Eq. (UH), we consider the input of coherent states pa = 
I a) (a I with the shorthand notation of Eq. (|T3)) . It implies 


(A^W,) = (A'^Xp) = 1/2, (A4) 

{Xa:) = Xa, {Xp) = Pa- (A5) 

Using Eqs. (EH) and (IA5I) we can write 


(A^F,) = 

{^%) = 


(y^) - {%? 

{Yp) - {%? 


Tr 

Tr 


{x \JGxXa ) Si^Pof) 

(p T GpPa) £{pct) ■ 

(A6) 


17> i(G+|G-l|). (AlO) 


Similarly, for the phase-conjugation process, we have 

C>G + i. (All) 

We thus apparently observe that the structures of 
Eqs. (lAlOl) and (lAllI) are the same as those of 
Eqs. (I28l) and (l30l) . respectively. 

On the other hand, substituting {A,r7x,Pp} = 
{0, Ga;,Gp} in Eq. (fT^ and assuming f is a CP trace¬ 
preserving map we can write our amplification limit as 


11 

z—x,p 




' • (A12) 


Due to the linearity assumption, we can write any average 
of the variance ((A^14), (A'^Yp)) over the coherent-state 
amplitude a as the variances for a single coherent state. 
Hence, it holds that 

J p^{a){{A^Y,),{A%))d^a={{A^%),{A%)).{A7) 


Comparing this relation with Eq. (IA9I) we can see that 
our amplification limit coincides with the AUP in the 
limit of A —^ 0. It is clear from FIG. [ijb) that the in¬ 
equalities of Eq. (lAlOll [Eq. (lAllIl ] can be violated for 
any finite width of the distribution A > 0 whenever 77 > 1 
[/> 0 ]. 
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